Abstract. The aim of this paper is to investigate asymmetric truncated Toeplitz operators with L 2 symbols between two different model spaces given by inner functions such that one divides the other. The class of symbols corresponding to the zero operator is described. Asymmetric truncated Toeplitz operators are characterized in terms of operators of rank at most two, and the relations with the corresponding symbols are studied.
Introduction
Toeplitz operators on the Hardy space H 2 , which are compositions of a multiplication operator and the orthogonal projection from L 2 onto H 2 , constitute a classical topic in operator theory. In his important paper ( [21] ) Sarason explored truncated Toeplitz operators, thus generating huge interest in this class of operators; see, for example [3, 5, 8, 9, 10, 11, 12, 15] . Instead of the Hardy space H 2 , they act on a model space K 2 θ = H 2 ⊖ θH 2 associated with a given nonconstant inner function θ and a multiplication operator is composed with the orthogonal projection from H 2 onto K 2 θ . This work was inspired, on the one hand, by the work of Sarason, and, on the other hand, by [7] , where asymmetric truncated Toeplitz operators were introduced (in the context of the Hardy space H p of the half-plane, with 1 < p < ∞) and studied in the case of bounded symbols. Asymmetric truncated Toeplitz operators involve the composition of a multiplication operator with two projections from H 2 onto a model space, associated with (possibly different) nonconstant inner functions α and θ. They are a natural generalization of rectangular Toeplitz matrices, which appear in various contexts, such as in the study of finite-time convolution equations, signal processing, control theory, probability, approximation theory, diffraction problems (see for instance [1, 2, 3, 16, 17, 20, 22] ).
Here we consider bounded asymmetric truncated Toeplitz operators with L 2 symbols, defined between two model spaces K 2 θ and K 2 α , where α divides θ (α θ). We study various properties of these operators and their relations with the corresponding symbols, and we obtain a necessary and sufficient condition for a bounded operator between two model spaces to be an asymmetric truncated Toeplitz operator in terms of rank two operators, thus generalizing a corresponding result by Sarason for the case where α = θ. In the asymmetric case, however, a more complex connection between the operators and their symbols is revealed, which is not apparent when the two model spaces involved are the same.
The paper is organized as follows. In Section 2 we present some auxiliary results on model spaces, their direct sum decompositions, the associated projections and conjugations. In Section 3 asymmetric truncated Toeplitz operators with L 2 symbols are introduced and some of their basic properties are presented. In Section 4 the class of all possible symbols for a given asymmetric truncated Toeplitz operator is described, and a necessary and sufficient condition for the operator to be zero is obtained. In Sections 5 and 6 we generalize Sarason's characterization of truncated Toeplitz operators in terms of operators of rank two at most, highlighting the similarities and differences between the symmetric and the asymmetric cases and, in Section 7, we obtain conditions under which that characterization can be done in terms of a rank one operator. In Section 8 we address the inverse problem of determining a symbol for a given asymmetric truncated Toeplitz operator, in terms of the action of A and its adjoint on certain reproducing kernel functions, as well as in terms of the characterizations presented in Sections 5 and 6.
Model spaces, conjugations and decompositions
Let L 2 denote the space L 2 (T, m), where T is the unit circle and m is the normalized Lebesgue measure on T, and let H 2 be the Hardy space on the unit disc D, identified as usual with a subspace of L 2 . Similarly, L ∞ = L ∞ (T, m) and we denote by H ∞ the space of all analytic and bounded functions on D. Denoting by H
Asymmetric truncated Toeplitz operators
Let α, θ be nonconstant inner functions. For ϕ ∈ L 2 we define an operator A
is closed and densely defined in K It is easy to see that the following holds.
Proposition 3.1. Let α, θ be nonconstant inner functions such that α θ. Then
The converse is similarly true. Proposition 3.3. Let α, θ be nonconstant inner functions such that α θ. Let A θ,α ψ be an asymmetric truncated Toeplitz operator with ψ ∈ H 2 . Then
and by Corollary 2.4
The equality in (5) follows from
The equality in (6) follows from
and (7) follows from
Finally (8) follows from
The symbols of zero in T (θ, α)
In what follows, for f ∈ H 2 let f i , f o denote the inner and outer factors, respectively, in an inner-outer factorization f = f i f o . Recall that f i and f o are defined up to multiplication by a constant. For α and θ nonconstant inner functions, let GCD(θ, α) denote the greatest common divisor of θ and α, which is also defined up to a constant.
In this section we study the symbols for which the corresponding asymmetric truncated Toeplitz operator is the zero operator. This is equivalent to the kernel of the operator being equal to K 2 θ . We start by characterizing the kernels of some asymmetric truncated Toeplitz operators. The following result generalizes the disk versions of Theorem 7.2 in [7] and Theorem 3.2 in [8] .
Theorem 4.1. Let α and θ be nonconstant inner functions and let ϕ ∈ H ∞ , ϕ = 0, with inner factor ϕ i . Then
ϕ if and only if ϕf ∈ αH 2 , which is equivalent to α dividing ϕ i f i , where f i is the inner factor of f . Since 
θ, the result follows from the decomposition Proof.
2 . Hence θ divides ϕ i f i and consequently
Since 
Repeating this reasoning for g 1 we conclude that g 0 can be indefinitely divided by 
The converse is obvious.
The next theorem establishes a necessary and sufficient condition for a bounded asymmetric truncated Toeplitz operator to be the zero operator in terms of its symbol. Proof. Let us assume that ϕ = αh 1 +θh 2 for some
α not only with S α but also with S * α , see [21] and Proposition 3.3. Therefore, since k
On the other hand, by Lemma 2.4 [21] A θ,α
, and it follows that there is c ∈ C such that 
Proof. Let ϕ = ϕ + + ϕ − with ϕ + ∈ H 2 and ϕ − ∈ H 2 . Put ψ = P α ϕ + and
ψ+χ by Theorem 4.4. The proof of the second statement is similar to the proof of the corollary on page 499 in [21] .
The following properties can be immediately obtained from the previous results by taking adjoints.
First characterization in terms of rank-two operators
In [21, Theorem 4.1] a characterization of truncated Toeplitz operators in T (θ) was given by using certain rank two operators defined in terms of the kernel function k θ 0 . Here we obtain an analogous result for asymmetric truncated Toeplitz operators T (θ, α) using the kernel functions k 
we obtain (5.1). For the converse implication note that for
where the last expression tends to zero, when N → ∞, by the strong convergence (S * ) N → 0. Now assume that a bounded operator A : K 
taking into account that S * θ n → 0 in the strong operator topology. Hence, comparing (5.4) and (5.5), we conclude that the right hand side of (5.5) is equal to A θ,α ψ+χ .
We can obtain a similar characterization for operators from T (α, θ) by taking adjoints in (5.1). Namely, we have: 
(5.6)
Second characterization in terms of rank-two operators
Sarason obtained also a characterization for truncated Toeplitz operators belonging to T (θ) involving the functionk
, by a simple application of the conjugation C θ to the result of Theorem 5.1 in the case α = θ. Here we will show that an analogous result holds for operators belonging to T (θ, α), α θ. However, we cannot use the same reasoning for α = θ, and, as we will see, in the case of asymmetric truncated Toeplitz operators the situation is more complex and, though a similar characterization is obtained, the proof is significantly more involved. 
θ , by Proposition 3.6 (7)- (8), and taking into account that
On the other hand, by Proposition 3.6 (3) and (4),
Since ψ ∈ K 
Therefore by Proposition 3.6 (3) and (4) we have
Moreover, by (2.5) we get S *
Hence the right hand side of equation (6.2), after simplification, is equal tok
, which can be written as
For the reverse implication assume that a bounded operator A satisfies the equality (6.1)
By taking adjoints in (6.1) we obtain a similar characterization for operators from T (α, θ): Corollary 6.2. Let α, θ be nonconstant inner functions such that α θ, and let A : K 
It is clear that if an asymmetric truncated Toeplitz operator A satisfies equation (6.1) with some µ, ν, then that equation is also satisfied if µ, ν are replaced by
respectively, for any b ∈ C. On the other hand, it is also true that the symbol of A = A θ,α ψ+χ ∈ T (θ, α) is not unique, and by Corollary 4.5 we can replace ψ ∈ K
9) respectively, for any c ∈ C. Using (6.4), it is easy to see that the following relation between the freedom of choice of µ, ν on the one hand, and ψ, χ on the other, holds.
Example 6.5. Let us now take α = z
θ (see [12, Corollary 5.7.3] ). Then by Theorem 6.1 and (6.4)
Characterizations in terms of rank-one operators
Our aim now is to describe the classes of symbols of an operator A ∈ T (θ, α) for which the right hand side of (6.1) is a rank one operator. The corresponding question regarding the equation (5.1) is trivial by Corollary 4.5, since the right side of (5.1) is a rank one operator if and only if ψ = c · k
In the case α = θ the question regarding the equality (6.1) also has an easy answer, since the relation between the symbols in (5.1) and (6.1) is ψ = C θ ν and χ = C θ µ. For α = θ, we need the following lemma.
Lemma 7.1. Let α θ be nonconstant inner functions and A
Proof. To prove (1) it is enough to calculate
To show (2) note that by Proposition 2.2
The equalities in (3) follow from
To see (4) it is enough to calculate
The proof of (5) 
The converse is immediate from (6.4). The proof of (2) is analogous. 
It might be of independent interest to consider the case when the right hand side in the equation (6.1) reduces to a rank one operator const ·k 8. An inverse problem: from the operator to the symbol
In the case of a classical Toeplitz operator T ϕ on H 2 , the (unique) symbol ϕ can be obtained from the operator by the formula lim n→∞z n T ϕ z n . In the case of a truncated Toeplitz operator, i.e., of the form A 
Taking the scalar product with k α 0 andk α 0 , respectively, we obtain
and, by using the notation a = ψ(0), b = χ α (0), c = χ(0) in (8.2), we obtain the following system of equations for the unknowns a, b, c:
Hence we proved the following. Remark that by Corollary 4.5 we can always choose a concrete value of one of ψ(0) or χ(0).
From equations (8.1) we cannot obtain χ θ α , hence we need another equality, which we formulate using Proposition 3.6 (5-6) and applying C θ . We get
and by Proposition 2.3
The operator A must satisfy the condition
To obtain a symbol for the operator A, we take the analytic functions ψ = X, αχ α = Y and The characterizations of asymmetric truncated Toeplitz operators in terms of operators of rank two at most, obtained in prevoius sections, allow us also to obtain a symbol for the operator.
In fact, regarding the first characterization, it follows from the proof of Theorem 5.1 that, if A is a bounded operator and satisfies the equality (5.1), then A = A θ,α ψ+χ . Remark that by Corollary 4.5 we know that ψ and χ are not unique and we can adjust the value of either ψ or χ at the origin.
For α = θ the characterization (6.1) of truncated Toeplitz operators in Theorem 6.1 reduces to Sarason's ([21, Remark, p. 501]). In that case the relation between ψ, χ in the symbol of A θ ψ+χ and µ, ν is given by the conjugation C θ , namely µ = C θ χ and ν = C θ ψ. Thus one can also immediately associate a symbol of the form ψ +χ to a truncated Toeplitz operator satisfying that equality. In the asymmetric case, however, Theorem 6.1 unveils a more complex connection between the rank-two operator on the right-hand side of (6.1) and the symbols of A θ,α ψ+χ , and finding a symbol in terms of µ and ν for an operator A satisfying equality (6.1) is more difficult.
To solve that problem in the case of asymmetric truncated Toeplitz operators we start with two auxiliary results. 
